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NEXT STEP

STEP Ill, 2024, Q4 MS

4. (i)
Suppose m,; =tan d, and m; = tan#, , where —%n’ < 8,8 Ein , then as the angle between
the lines is 45°, 6, — f, = +omw,or £=m. M1
Therefore
tan(@, — 6,) = +1
and so

l:anﬂ‘l—tanﬂ‘z j:]_
1+ tan @ tan &, -

M1

tEII'.I.(B]_ - Hz) =

My — My

=+1
1+mym, T

*A1(3)
(ii)

PP
y—4ﬂ—2u(x—p}
day + p* = 2px
M1

The tangents 4ay + p® = 2px |, day + g% = 2gx mest when
2p—q)x=p*—g*=(@—q)p+q) andas(p—q) =0,
M1
Lo+
x=5(+q)

A1

1
Zpx5(p+q)-p*
B 4a
A1 (4)
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and if the tangents meet at 45° , then
£ _4q

Za_ 2a
2L
M1M1
2a(p — q) = +(4a® +pq)
(4a® + pq)? = 4a’(p — q)* = 4a*((p + q)* — 4pq)
M1
Thus the point of intersection satisfies
(4a? + 4ay)? = 4a®((2x)? - 16ay)
M1
That simplifies to
(a+v)* =x% — day
¥2 + Bay + a® = x*
¥ + Bay + 9a® = x* + 8a’
(¥ + 3a)? = x + 8a*®
M1 *A1 (B)

(iii)

(¥ + 7a)? = 48a? + 3x°
Py z 1 :
(E +?u) = 48a* +3(E{p + q))
M1
(pg + 2Ba?)? = 768a* + 12a%(p + ¢)*
plg® + 56a pg + 784a’ = 7680 + 12a%(p — g)* + 4Ba’py
M1
prg® + Balpy + 16a" = 12a%(p — q)*°
M1 A1

(pq + 4a%)? = 3(2a(p - 9))°
P_4
2a__ 2a =t
7

P g
1+ 2o 2a

M1 A1

Thus the tangents are at a constant angle to each other which is 307 . A1(7)
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