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NEXT STEP

STEP 111, 2023, Q5 MS

5.11)
1

2.2
x ¥y 7
Ty + 14x = 2xy
2xy =Ty —14x 4+ 49 = 49
(2x -7y -71=49
B1*
Thus 2x =7 =1,y =7 =49, 0r 2x -7 =7,y =7 =T, 0r2x =7 =49,y -7 =1
M1
andso (x,v) = (4,56),(7,14), or (28,8) Al(3)
(ii)
p*+pg+q*=n’
p*+2pg+q° —n* =pgq
(p+q)—n"=pg
p+g+n)p+g—n)=pq
B1*

ptyg+n=pand p+g+n*g as p,yg, and n are all positive. p+g+n>=p+g—n so

p+ig+n=1 asthatwouldrequirep+g-n=pg > 1. M1
Thus p+g+n=pg andp + g —n =1 as required. Al*
Therefore p4+g+p+qg—1=pg M1

pg—2p—2g+4=3
(P-2(q-2)=3
dmi1
Thus p—-2=1,g-2=3,orp-2=3,4g-2=1

Alternative (1)
pg—2p—2g+4=3

pg—2p—2g+1=10

plg—2)=2q-1

_2q—1_2+ 3
p= g—2 B g—2
as o # 2 (g = 2 would yield -4+4-3=0) sog—2=1or3 El
andso (p,g) = (3,5),0r(53) Al (6)
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Alternative (Il) p+g+n=pg andp4+g—n=1vyield p+g=n+1land pg=2n+1
Therefore, p and g are solutions of £2 = (n4+ 1t 4+ (2n+ 1) =10

(41, in+1)2 —4(z2n41) _ (n+1)%,/(n-3)%+12
2 =

2

Hence t =

For integer t we require that (n — 3 +12 iza perfect square (in fact an even perfect square).

Thus the difference of squares between (n — 3)* + 12 and (n — 3)% is 12. Successive squares, z°

and (z + 1)? differby 2z + 1, whichforz = 6 is = 13. Thus (n — 3) = 5. Then, either by listing
potential solutions exhaustively, or justifying that (n — 3)2 4+ 12 and (n— 3}2 have to be squares
differing by 7 + 5 and hence (n — 3)* = 22 giving (p.q) = (3,5),0r (5,3) . EL A1 (5)

{iii) If p* +¢* + 3pg® =n®,andas p, g, and hence n are all positive, then p* < n® and
g*<n®*sop<nand g<n ,El andhence p4+g-n<pand p+g-—n=<g . AL*
If
P +q° +3pg® + 3p*q =n’ + 3p’g
M1
(p+q) —n’ =3piqg
dvil

(p+q-—n)p+g)+p+gn+n’)=3p’g
Al
bsptg-—n<pandp+g-—-mn<g,sop+g—n=1or3 Al

Fp4+g—n=1then(n+1)* —n* =3p%gand hence 3n® + 3n + 1 = 3p%g M1 which is not
possible as LHS is not a multiple of 3 and RHS is. El

fp+qg—n=3,then (n+3)% —n® = 3p?q and hence In® + 27n + 27 = 3p?q, thatis

3(n?+3n+3) =pig. M150 p or g must divide 3 and hence mustbe 3 as p and g are
prime. E1

If p=3, then g—n=20 but g <n andvice versaif g =3 E1* (11)

[+]=]

NEXT STEP
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