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STEP 1ll, 2023, Q4 MS

4. (i) By de Moivre,
cos((2n + 1)8) + isin((2n + 1)8) = (cos & + isin §)2"+!

Expanding by the binomial theorem and equating real parts

cos((2n + 1)8) = cos?™+1 6 — (En; 1) cos?-1ggin? @ 4 - 4 (—1)" )L'usﬂ‘ sin?n g
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= cos 3+( 2 }cm. Bicos®8 - 1)+ +( o )Loaﬂ‘(casﬂ‘ 1)
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Al*(4)
Natice, for (iv), that this expression only contains odd powers of cos 8 .

(ii} The coefficient of x*™*'in plx)is

Bl

Zn+1

n
In+l 2ﬂ+1 Z 2?I+1 z:— Z 2H+1 2?’+1
(+x _Z . £, i)
r=

r=0

Substituting x =1,

n
22“4.1 Z 2?1 + 1 2]’! +1
2r+1

and substituting x = -1, M1

i it

0=> (" -2 i)
r=0 r=0

Al

Adding these two results,

22I'|:+1 _ZZ{ZH-I-I

and so the reguired coefficient is 22" as required. A1* (4)
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(iii} The coefficient of x2" 1in p(x)is

4
Z 2n+1
r

r=0
Bl
As
zn+1 n
(14 x)2841 = TZB (21’1:‘ 1)xr=z} Eﬂ+ 1 zr+Z(§:I: 2ral

differentiating with respect to x

@n+ 1)(1 +x)2" = Zz (2?:21- 1 p2r-1 +Z{2r+ 1) 2n+ )

r=0

M1

Substituting x =1,
i3 T
o Zn41 Z 2n+1
(2n+1)2 _Z;zr( o )+ D[2r+1;} zr+1)
r= r=

M1

and substituting x = -1,

2n+1 Z 2n+1
Zz @r+0(5 5 ,)

Al
Subtracting these two results

n n
o In+ 1y Z In+1
(2n +1)2 _zer( o )_4 r( .

r=0 r=0

and so the required coefficient is

—(2n+1)2*" = 4 = —(2n+ 1)22"2

Al*(5)
Alternative
n s n
Z_ (gn_|_ 1) N, (Zn+ 1) B _2n+lz (Zn)!
2r S (Zn—2r 410 (2r) 2 (Zn—2r + 10! (Zr — 1)
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n n-1
__2?:+IZ( n )_ 2n+1 ( n )
- 2 r—-1/" 2 2r+1

r=1 r=0

M1
As in (ii),
n-1
( 2n )=122n
Zr+1 2
r=0
Al

50

n
In+1y_ _ntll ., n-z
Z—r( o )=- o2 = —(2n+1)2

r=0

Al (5)

(iv) Suppose
qix) = ax" + bx" ' $ex™ 2 4

then
plx) = (x + Lfax™ + bax™ ! 4 ex™ 24 ]2

= (x+ 1) {ax™ + 2abx®"" 1 + (b7 4 2ac)x®™ 2 4 )
= x4 (a® + 2ab)x®™ + (b7 + 2ac + 2ab)x® T 4
M1 Al
Thus a® = 22", a® + 2ab =0,and b + 2ac + 2ab = —(Zn + 1)27"% dm1 Al

Therefore @ = 2" (as a > 0), B1

¥
h=—=—71"1
2

Al

and
2EN-Z | gndle 920 — _(7p 4 1)2202
s0
2 -2 =—(2n+ 12"
=234 -1 -2n-1)=2"21-n)
as required. AL1*(7)
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