STEP 111, 2022, Q6 MS

6. (i)
z

o
cos(f+a) —cos@ =cosPeosa —sinfsing — cos8 = cos @ (1— ) —sinfa —coséd

Fl

z
= —@sing —“? cos @ as required. M1 *A1

If sinf =0
. a’ a
sin(@ + &) —sin@ o cos d —Tsmﬂ cos g —Esinﬂ
a—tarc'r:ns(9+a)—msﬁ=4!¢l-ra'3 2 = lim a - —cotd
—asing —= cos @ —sind -7 cos@
M1 Al Al
. . : . sinf+al-sind _ coslf+al i _
{Alternative by I'Hopital, gru_r:% prr—tl || 4lxl_r'ra —cot{# + o) = — cotd
M1 Al Al)
If sing =10
~ sin(8 + &) — sind : cosd i -2
a'—t}acnﬁ(ﬂ i) —cosd & _% cosf e
M1
= —oogs = +0 and = w as g - -0 A1(7)

(i) (a) If Qg is theinitial point of contactof Cyand €z, and if X is the point on C; which was
initially at @, , thenif QOQ, =&, arcQQ, on C, is of length (n— 1}af E1 and this will equal the
arclength QX on €, . Soif Tisthe centreof C; , QTX = (n—1)#,and TP makesan

angle + (n—1)8 = nt with the x axis. E1

Thus the x-coordinate of Pis x(f) = nacos 8 + acos(nf) = alncos # + cos nd) asrequired.
Similarly, ¥(6) = a(n sing 4 sinnd) . M1*A1(4)

ib) OP =(n—=1)a ifand enly if (ncosf® + cosnd)? + (nsing +sinnd)® = (n-1)°

Thatis if n* + 2ncos{n— 1)+ 1 =n?=2n+1 whichis cos(n -1} =-1

M1
so, when (n— 1)8isan odd multiple of 7 M1
Therefore 8 =% i for r=0,1, A1(3)
(Alternatively, OF = (n— 1)a only if ncosd +cosnf = (n—1)cos @ ie. cosnf = —cos @,

and nsing + sinnf = (n— 1)sin@ ie. sinnf = —sind M1
Thus cos(n—1)8 = —cos @ cos @ + —sinf sinf = —1 so (n — 1)# is an odd multiple of = M1
Result as before A1)

c)
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NEXT STEP

(8, +a) —v(8,)  alnsin(8; +a) + sinn(8, + a)) — a(nsing, + sinnd,)
m = lim
rxl—-ﬂx[ﬂu. +a) — x(8,) cr'*ua(ncasiﬂu +a) + cosn(f, + ) — alncosfy + cosnédy)

M1

2 22
n (n_f cos Gy —% sin Eu)+(nr:r oS ndp —% sinnﬁln)

= lim Z

O (—:rsin g, -2

222
5 COS En) +(—mxslnm5‘u _nan tnﬁﬂﬂu)

2
M1 Al

cos By + cosnéy —%[sin B, + nsinnfy)

= lim
a0 _(sinf, + sinnd,) — %{cosﬂu + ricos néy)

sinfy 4+ nsinnf,
" cos B, + ncos né,

as cos 8, + cosnd, = 2 cos(n + 1}%‘l cos(n— 1}‘—3_‘EL and (n— 1}%=—;I so cosln — 1}%1= 0

and similarly, sinfdy, + sinn#fy, = Zsin(n + 1}% cos{n — 1)% =0

Further,
sinfly +nsinnfy = sin @y + n(sin((n - 1) + 1) 8,)
= sinf, + n(sin(n — 1) 8, cos@, + cos(n — 1)8; sind,)
= (1-=n)sind,
and

cos By 4+ n cosnfly, = cos iy + n(cos(n — 1)8; cos 8, — sin(n — 1) &, sinfé,)

= (1-=n) cos &,
5o
v(8y +a) = y(6,) (1= n)sing,
lim = = tanf,
a=0x(f, +a) —x(6;) (1= n)cost,
M1 Al

The LHS is the gradient of the tangent to the curve at P and the RHS is the gradient of OF , as
required. El (&)
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