STEP 111, 2018, Q5

The real numbers ay, a2, a3, ... are all positive. For each positive integer n, A, and G, are

defined by
ay+az+---+an

n

A, =

and Gni= (alag---an)l/".

(i) Show that, for any given positive integer k,
(k4 1)(Ak+1 — Gr+1) = k(A — Gi)

if and only if
M —(k+1A\, +k>0,

ar+1 | 1
where \, = (—+) .

(ii) Let
f(z) =z — (k+ 1)z + k,

where z > 0 and k is a positive integer. Show that f(z) > 0 and that f(z) = 0 if and
onlyifzr=1.

(iii) Deduce that:

(a) A, = G, for all n;

(b) if A, = Gy, for some n, then ay = a2 = -+ = an.
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