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STEP II, 2024, Q12

T this question, you may wse withow! proof the results

ZI =zn(n+1){2n+1}) and Z = (n+1)%

Throughout the question, n and & are integers with n =3 and £ = 2,

(i)

(ii)

In a game, k& players, including Ada, are each given a random whole number from
1 to n (that is, [or each player, each of these numbers is equally likely and assigned
independently of all the others). A plaver wins the game if they are given a smaller
munber than all the other players, so there may be no winner in this game.

Find an expression, in terms of n, & and o, lor the probability that Ada is given number
a, where 1 = a = n — 1, and all the other players are given larger munbers. Hence
show that, if & = 4, the probability that there is a winner in this game is

(n—1)%
n?

In a second game, & players, including Ada and Bob, are each given a random whole
munber from 1 to n. A player wins the game if they are given a smaller number than
all the other players or if they are given a larger number than all the other playvers, so
it is possible for there to be zero, one or two winners in this game.

Find an expression, in terms of n, & and d, for the probability that Ada is given mumber
a and Bob is given number a4+ d+ 1, where 1l £d<n—-2and 1 £a<n—d—1, and
all the other players are given numbers greater than o and less than a +d + 1. Hence
show that, if & = 4, the probability that there are two winners in this game is

(n—2)(n —1)*
ﬂ;‘

If & = 4, what is the minimum value of n for which there are more likely to be exactly
two winners than exactly one winner in this game?

[+]=]
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