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NEXT STEP

STEP I, 2023, Q8 MS

Question Answer Mark
8 (i) Let vertices be numbered 1 to 4 and edges be ey, where i <j. Then M1
perimeters equal is
|f’1z| + |f:'z3| + |E'|3| = |f'|}_| + |'E-'21| + |'E-'11|

= |eys| + legq] + legal
= |f'z-1| + |f'3-1| + |f'23|

which implies A1
[erz] + lezs] + lewal + lez] + leas| + legsl
= leggl + legal + lege] + leal + leggl + lezsl
50
Z|eyz| + (el + el + lezq] + egal)
= 2legql + Clegsl + lepl + legg] + legsl)
and 50 |e 5| = |eg,|

and by permutations of this argument, all pairs of opposite sides are E1

equal.
if [eyz] = lessl, lewz] = leasl, lews] = lezs|, then all perimeters are trivially B1

equal
[4]
(i) lal* =|b—¢|* M1
= b2 + |¢|® — 2b.¢ Al
From the eguivalent results to (ii) using the other pairs of opposite sides M1

1 1

ab+ac=z(al + bl = [e[*) + 5 (af + el - |b]>) = al? A
[4]
(iii) 16la—gl* =3a—b-c|? M1

=9lal® + |b|* + le|* — 6a.(b 4+ ¢) + 2b.c

= 9‘|f1|2+|b|2+||‘.'|2—6|ﬂ|2+|b|2+|f|2—|ﬂ|2 M1
using previous results

=2(lal* + |b|* + |e*) Al
but this is symmetric in a, b, ¢ so g equidistant from A, B and C. Al
16lgl* = la+ b + c|* B1

=lal* 4+ 2a.(b+c)+|b+c|?
=lal® +2lal? + |B|% + |c|2 + 2b.c
= 3lal* + |b|* + [e|* + |b|* + |e]* — |af?
= 2(lal® + [b|* + |c]*)
So G equidistant from O also.

[5]
(iv) la—b—cl*=lal*+|b* +|c|* = 2a.(b + ¢} + 2b.c
M1
= la|* + |b]* + |c|* - Zlal* + [B]* + |c|* - lal®

M1

= 2(|b|* +|c|* — |a[*) Al

which must be non-negative, so cos(BAC) = 0 M1
and symmetry implies no angle obtuse A1
If e.g. BAC was a right angle, would have [a—b—c|*=0,s0a=b+c M1
s0 O, A, B, C all in one plane, so not a tetrahedron. Al
[7]
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